In this paper, we use the eXtended Finite Element Method, with customized enrichment functions determined by asymptotic analysis, to study boundary layer behavior in elliptic equations with discontinuous coefficients. In particular, we look at equations where the coefficients are discontinuous across a boundary internal to the domain. We also show how to implement this method for Dirichlet conditions at an interface. The method requires neither the mesh to conform to the internal boundary, nor the mesh to have additional refinement near the interface, making this an ideal method for moving interface type problems. We then apply this method to equations for linearized biofilm growth to study the effects of biofilm geometry on the availability of substrate and the effect of tip-splitting in biofilm growth.
Introduction
Consider the equation
on a two-dimensional domain, , containing an interface . The coefficients β, κ, and f may be discontinuous across , leading to discontinuities in the normal derivative of the solution, u. In addition, large variations between these coefficients can lead to the existence of boundary layers near the interface, particularly when β is small relative to κ or f . This type of equation governs a wide range of physical processes, and thus a variety of numerical methods have been devised to solve it. The three most commonly used approaches are finite difference methods -such as those described in [9; 11; 14] -finite element methods, and boundary element methods. One method that has been shown to perform well in comparisons with other methods is MSC2000: 65N30, 92B05. Keywords: X-FEM, extended finite element method, level set method, elliptic equations, Helmholtz equation, biofilms. Smith was supported in part by the DoD NDSEG Fellowship Program and the Chicago Chapter of the ARCS Foundation. Vaughan and Chopp were supported in part by a grant from the NIH under contract #R01-GM067248. . the eXtended Finite Element Method (X-FEM) [8; 16] . In fact, it was shown in [12] that this method produced significantly more accurate solutions near the interface . The X-FEM is a partition of unity method [15] in which extra functions containing information about the location of an interface are added to the standard finite element approximation. The method is particularly suited to problems involving a moving interface, since it does not require a conforming mesh, and can be easily coupled to interface tracking methods such as the level set method [17] .
The X-FEM has been used to model crack growth [7; 16; 18; 20] , solidification [3; 10] , arbitrary fixed material interfaces and voids [19] , rigid particles in Stokes flow [21] , and multiphase fluids [2] . The majority of this work has relied on generic enrichment functions, such as Heaviside or absolute value functions, to enforce interfacial boundary conditions. However, in [7] , it was shown that a special enrichment function given by the exact near-tip asymptotic functions, could be added to the approximation at the crack tip to improve accuracy. In this paper, we show how the X-FEM can be used to efficiently model systems that exhibit boundary layer behavior at the interface by expanding the function space with customized enrichment functions along the entire interface, presenting as an example a new exponential enrichment function that captures solutions which grow or decay rapidly near the interface.
The application to which we apply this method concerns the growth of biofilms. Biofilms are microbial communities that grow attached to solid surfaces, and are one of the most ubiquitous forms of life on the planet. More than 90% of all bacteria live in biofilms [1] . Biofilms are used in wastewater treatment and bioremediation of contaminated soils, lakes, and rivers. Biofilms also cause disease in plants and animals, and damage pipes, heat exchangers, and ship hulls. Consequently, understanding biofilms is important for a wide range of health and engineering disciplines. The work we present here is toward a goal of building continuum level model tools for simulating biofilm growth and development.
In this paper, we solve the linearized biofilm growth equations in order to determine how the geometry of the colony affects the profile of its growth, addressing two specific phenomena: fingering growth due to a tip-splitting instability and the shadowing effect generated by large colonies.
Numerical method
The eXtended Finite Element method (X-FEM) is a modified finite element method used for approximating the solution to (1). However, unlike conventional finite element methods, the X-FEM does not require the mesh to conform to the interface geometry, allowing us to utilize a standard Cartesian mesh. This is particularly useful in problems involving moving interfaces, due to the fact that the mesh does not have to be regenerated at each timestep.
The X-FEM avoids the need for a conforming mesh by supplementing the standard finite element functions with enrichment functions that contain information about the interface. The X-FEM approximation for the solution u is written as
where N is the set of all nodes in the domain, N E is the set of enriched nodes, φ is a standard finite element test function, ψ k is the enrichment function, and ϕ is the signed distance function representing the interface.
Here we describe only the construction of the enrichment functions as well as the application of boundary conditions. A detailed treatment of the full X-FEM implementation is found in [12] .
2.1. Determining enrichment functions. The enrichment functions added to the standard finite element approximation in the X-FEM serve two purposes. First, they encode the location of the interface into the function space itself, which allows for the application of both Dirichlet and Neumann interface conditions without the need for a conforming mesh. Second, they may contain information about the asymptotic behavior of the solution near the interface, allowing the method to accurately capture boundary layer behavior without the need for a very fine mesh. Here we test three types of enrichment functions. The first two, the step enrichment and the absolute value enrichment, are generic enrichment functions that can be applied to any problem that is continuous across the interface. The third, the exponential enrichment, is a custom enrichment function that is tailored to problems that display exponential behavior within the interfacial boundary layer. Each enrichment is a function only of the signed distance from the interface:
where the sign depends on whether x is inside or outside the region enclosed by the interface . This signed distance function is typically determined using the Level Set Method [17] .
The step and absolute value enrichment functions are defined as
and
These are simple enrichment functions that can be implemented without any a priori knowledge of solution behavior near the interface. The exponential enrichment function is defined as
This enrichment is most effective when asymptotic analysis indicates the presence of a boundary layer which exhibits exponential behavior. The value of the parameter µ depends on the specific parameters of the problem. It is important to note that both the absolute value and exponential enrichments decay to zero at the interface. This condition is necessary for stability when a nonzero Dirichlet condition is applied at the interface. While the X-FEM has traditionally only added enrichment functions to elements containing the interface, it can be advantageous to enrich beyond this layer of elements when using enrichment functions other than the step enrichment. This is particularly important when using a custom enrichment because it allows the enrichment function to be applied throughout the boundary layer, thus capturing the behavior more completely. In the case of the absolute value enrichment, extending the enrichment distance effectively increases the order of the finite element approximation in the critical region near the interface. It is also useful to enrich to a different distance on either side of the interface when the enrichment function is asymmetric. As it is difficult to determine the optimal enrichment distance analytically, trial and error is generally the best method. For the problems presented here, an enrichment distance of µ log 10 −3 is used for exponential functions and µ log 10 −2 is used for linear functions. These correspond to the distance it takes the function e µϕ to decay to 10 −3 and 10 −2 respectively.
2.2.
Interface conditions. Once the enrichment function has been determined, the next consideration is the proper application of the boundary conditions. Here we only consider problems which are continuous across the interface, so there are two types of conditions that can be applied: Dirichlet conditions, u = h (x, y), and Neumann jump conditions, βn · ∇u = v (x, y), where [[·]] indicates the jump across .
Neumann jump conditions. The Neumann jump condition is enforced primarily by introducing a line source term to the right hand side of (1). This line source has strength v (x, y) and is written as
where X (s) is the parameterized interface.
This technique can be used with both continuous and discontinuous enrichment functions and typically yields the best results with the Step enrichment. However, approximations using continuous enrichment functions can also utilize Lagrange multipliers to enforce jump conditions. In this case, the governing equation is rewritten as
along with the condition βn · ∇u = v (x, y) .
A one dimensional finite element mesh is laid down on the interface using piecewise linear elements, and the Lagrange multipliers are approximated by:
where M is the set of all Lagrange multiplier nodes.
Dirichlet conditions. Dirichlet conditions on an internal interface have not been considered in previous implementations of the X-FEM. This type of condition is unusual because it divides the domain into two independent pieces, which are typically solved separately. However, in order to avoid the generation of meshes which conform to each piece, it can be useful to solve on the whole domain at once.
In contrast to the derivative jump conditions, Dirichlet interface conditions can only be applied using Lagrange multipliers. This is done in a similar manner as above, with the governing equation rewritten to include the extra terms:
with the condition
For systems with continuous enrichment functions, only one set of Lagrange multipliers is necessary to apply the boundary condition. Discontinuous enrichments, however, do not have a single value at the interface, so the condition must be applied to the positive and negative sides separately, requiring two sets of Lagrange multipliers.
Evaluation of interface derivatives.
In order to accurately determine the derivative jump across the interface, a domain integral method, similar to the one described in [8] , is employed. We first consider a section of interface, i , within the support, i , of a test function φ i . Equation (1) is multiplied by φ i and integrated over i . Integrating by parts yields
Using a first order approximation, the derivative jump is assumed to be constant along i . Equation (4) can then be rewritten as
To then determine the jump at a single point on the interface, x d , the jump across the interface segment is determined using each test function, φ i , which has support containing x d . In order to avoid oscillations due to roundoff error, interface segments are discarded if the integral of φ i over the segment is less than 10 −13 . These values are then weighted appropriately and summed:
Results
In this section, different types of enrichment functions are applied to the solution of two example problems. In each problem, exponential enrichment functions are compared to both absolute value enrichments and step enrichments when finding a solution that contains a boundary layer. For each problem the interface is the
16 within the domain 0 ≤ x, y ≤ 1. We solve each example problem using both types of interface conditions discussed in Section 2.2. These two types of boundary conditions demonstrate how the custom enrichment function can improve the accuracy of both the solution and its derivative at the interface.
3.1. Example 1: enriching with the exact solution. The first example shows the improvement in the finite element approximation when the exact solution is included in the enriched function space. The differential equation is
where
The exact solution to (6) is − r is equivalent to the level set variable ϕ, so the exact solution on the exterior of the circle is contained within the exponential enrichment function.
Equation (6) is solved with two sets of boundary conditions. The first prescribes continuity and sets a derivative jump condition on :
Because the derivative jump along the interface is already known, the important simulation results to consider are the solution values along the interface and throughout the domain. Table 1 shows the convergence results for the X-FEM using three types of enrichment functions: the step enrichment, absolute value enrichment, and exponential enrichment. The error given is the maximum error at the nodes, defined as
Step Absolute Value Exponential where N is the set of all nodes, (x i , y i ) is the location of the i-th node, and u h i is the computed value at the node. The ratios of successive errors are included as well to show convergence rates. As Table 1 shows, the exponential enrichment is more accurate than both the absolute value and step enrichments, and it converges more uniformly as well.
Of greater importance for moving interface problems is the accuracy of the solution at the interface. This can be problematic for some methods even though they exhibit good accuracy away from the interface [12] . Table 2 shows the error interpolated along the interface. This error is computed at 1,000 evenly spaced points along the parameterized interface. The results are similar to those seen in Table 1 , but the disparity between the exponential enrichment and the other enrichments is more significant.
The second boundary condition we consider is a Dirichlet condition on both sides of the interface:
Step Absolute Value Exponential 
The exact solution remains the same as above. Here, the value at the interface is known, so the important computational results are the solution values within the domain and the jump in the derivative across the interface. Table 3 contains the convergence results for the X-FEM using this boundary condition. Once again, the asymptotic enrichments perform much better than the other two, by more than an order of magnitude. Table 4 shows the gradient results on the interface. Due to the magnitude of the gradient jump ∼ 10 2 , this table presents relative errors rather than absolute errors:
3.2. Example 2: enriching with an asymptotic solution. In the second example, the custom enrichment function does not contain the exact solution, but instead includes the asymptotic approximation of the solution near the interface. The 
where κ is given by
, where I n (x) is the modified Bessel function of the first kind.
An asymptotic analysis of (7) shows that the behavior of the solution in the boundary layer near the interface is of the form u ≈ e κr . Therefore, the exponential enrichment function is appropriate here as well, using κ as the parameter. It is important to note that while an exact solution to (7) is available, we only use information from the asymptotic analysis to construct our approximation.
As in Example 1, we once again consider two types of interface conditions. First, the solution is again prescribed to be continuous, with a jump in the normal n
Step Absolute Value Exponential derivative at the interface:
. Table 5 shows the error on the domain, and Table 6 shows the error on the interface. The results are similar to those in the Example 1.
Like the first example, the second set of boundary conditions applies a Dirichlet condition at the interface, and the solution gradient at the interface is the desired result: u = 1. Table 7 shows that the asymptotic enrichment again outperforms the other generic enrichment functions with an error of less that 0.1% for the largest system. For the sake of completeness, Table 8 charts the maximum error on the domain. Finally, the exponential enrichment function not only increases the accuracy at the nodes and the interface, it improves the approximation within the elements as well. Because the asymptotic solution is contained in the interpolant, fewer n
Step Absolute Value Exponential Step Absolute Value Exponential Table 8 . Domain results for Example 2 with Dirichlet interface conditions. elements are needed to capture the boundary layer. Figure 3 shows the exact solution plotted next to the numerical approximation for varying mesh sizes. Each plot is generated by evaluating the exact solution and the numerical approximation at 10,000 points along a line from r = 0.23 to r = 0.26 at an angle of one radian. This clearly demonstrates the advantage of using a customized enrichment function, as the exponential enrichment accurately approximates the solution on a 25 × 25 grid, where the entire boundary layer is contained within one element.
Biofilm growth
We now consider the problem of bacterial biofilms. The addition of substrate nutrients to the top of the film drives the growth of the biofilm. Here we explore how the geometry of the biofilm colonies affects the profile of their growth. We first consider the phenomenon of tip-splitting [4] , where the colony does not grow directly toward the substrate, but develops fingers that grow at an angle into the film. We then analyze how the shadowing effect of a large colony decays with distance.
The system is considered on a domain , periodic in x and consisting of two regions, the interior of the bacterial colonies, b , and the exterior fluid film, f . Figure 3 . Cross sections generated using various mesh sizes. Each cross section is taken at an angle of one radian, to avoid alignment with the mesh. Note that in the coarsest plot, the entire boundary layer is contained in one element.
The substrate concentration s and velocity potential ϕ are governed by
where Figure 4 shows the boundary conditions applied to each equation. This follows the description given in [6] without erosion, with the parameters chosen to approximate the behavior of the nonlinear system described in [5] . Both the substrate concentration and the velocity potential are continuous throughout the domain. In the substrate equation, a derivative jump condition is applied at the interface between the colony and the liquid, and in the velocity equation, a Dirichlet condition
Ωf Ωb Figure 4 . The domain and governing equations for the biofilm problem.
is prescribed: Dn · ∇s = 0, ϕ = 0.
In both cases, a Dirichlet condition is applied at the top boundary:
and a Neumann condition is applied at the bottom:
We solve for the growth rate profile for a given colony via a three step process. First, the substrate concentration is found by solving (8) with the given boundary conditions. This solution is then fed back into (9) to find the velocity potential within the colony, and finally the rate of growth at the biofilm surface is given by the normal derivative of the velocity potential at the interface,n · ∇ϕ. We calculate this quantity at a large number of points along the parameterized interface to obtain an overall profile of the colony's growth. Both the substrate and velocity equations are solved using the X-FEM with the exponential enrichment function. The relevant boundary layer exists on the interior of the colony, and we use µ = √ α/D b as the parameter in the exponential enrichment definition.
4.1. Tip splitting. As biofilm colonies grow, they do not always grow in a uniform fashion. Sometimes the tip of the colony splits into separate fingers instead [4] . This instability appears to be distinct from the fingering instability described in [6] , where it is observed that peaks have a greater growth rate than valleys. Due to random fluctuations, one of the fingers generally overtakes the other resulting in an irregularly shaped colony. The conditions driving this instability are unknown, but a possible mechanism is the splitting of a mushroom-shaped tip due to the instability described in [6] . This is similar to the well known tip-splitting instability in the Stefan problem, where a flattened dendritic tip splits due to the Mullins-Sekerka instability [13] . Here we look at the ways in which the shape of a biofilm colony can lead to mushrooming of the tip.
To study the onset of mushrooming, we examine the velocity profiles of individual colonies on a periodic domain. The period of the domain is large enough to prevent interaction between neighboring colonies, and all of the colonies are hemielliptical in shape. Due to this simple geometry, the interface is easily parameterized from 0 to π, and Figure 5 shows some examples of parameterized velocity profiles. In the first case, the biofilm has an aspect ratio (height/width) of 2.25, and the maximum velocity is obtained at the peak of the biofilm colony, precluding a change in the shape of the tip. In the second case, the colony is much taller and thinner, with an aspect ratio of 16, and the maximum velocity is obtained on either side of the peak, which may allow for mushrooming to take place. Thus, to determine whether or not mushrooming can occur, we consider the ratio of the maximum velocity to the peak velocity. If this ratio is one, the maximum occurs at the peak, and the colony will grow normally. The strength of the mushrooming instability increases as this ratio moves above unity. Figure 5 . Representative velocity profiles. Shown here are two examples of velocity profiles, from colonies with different aspect ratios but the same mass. (a) Normal velocity vs. surface parameterization. In the second case, the maximum velocity is not attained at the tip, so mushrooming may occur. (b) Velocity vectors along the biofilm surface. The taller colony has a large aspect ratio, and the shape of the velocity field near the peak indicates that mushrooming may occur. To demonstrate, we first explore how the aspect ratio of the hemielliptical colony affects the velocity profile. As we change the aspect ratio, we keep the area of the colony constant so that the total amount of biomass is unchanged. The colony shape is defined as
where a 2 is the aspect ratio of the ellipse, and R 2 /2 is the area. We vary the aspect ratio between 1.0 to 25.0 (height to width) for colonies with three different masses. Figure 6 shows the relationship between the aspect ratio and the strength of the mushrooming instability. While the curves are qualitatively similar, the mass of the colony is clearly important. This mass effect can be removed by considering the radius of curvature at the colony peak, R/a 3 , rather than the aspect ratio. Figure 7 contains the same velocity data as Figure 6 but plotted against the radius of curvature. In this case, all three curves lie on top of each other, indicating that tip splitting is a function of the radius of curvature at the tip of the colony. So that we may ensure that other factors are not also important, the height of the film and the period of the domain were varied. As Figure 8 shows, these variations have no effect.
This dependence on radius of curvature is probably due to elevated substrate concentrations within the biofilm colony. As the tip radius decreases, less biomass is present near the peak, and unconsumed substrate can diffuse farther down into the colony. To quantify the substrate penetration, we calculate the depth within the colony at which the concentration of substrate is 10% of the concentration at the colony tip. In order to compare biofilms containing different amounts of biomass, we normalize all of the values by the substrate penetration depth into a circular Figure 8 . Domain period and film thickness have no effect on mushrooming. colony with radius R. As shown in Figure 9 , the substrate penetration depth is correlated with the radius of curvature.
4.2.
Shadowing. Another important feature of biofilm growth is the interaction between neighboring colonies. Competition for substrate creates a shadowing effect near large colonies as nearby colonies are unable to attain their optimal growth rate. This shadowing effect depends on the relative sizes of the colonies as well as the separation distance. In order to determine the relative importance of these two parameters, we consider a system consisting of alternating large and small colonies along a periodic domain. In each case the large colony remains a standard size, with a = 2.0 and R = 0.2. The smaller colony maintains the same aspect ratio, but R is varied from 0.02 to 0.18. The different size cases are then simulated using a wide range of period lengths.
Proper determination of the effects of the interaction requires the maximum growth rate of an uninfluenced single colony, the natural growth rate for that colony. Due to the fact that the majority of a biofilm colony's growth occurs at or near the tip, this maximum growth rate is a reasonable measure of the overall growth rate of the colony. To find this rate, simulations are performed using a single colony on a periodic domain, using the same film height as in the combined system. The period of the domain is increased until maximum growth rate asymptotes to a constant value. Figure 10 shows maximum growth rate plotted against the period size for several representative colony sizes. Interestingly, the maximum growth rate of the smallest colonies is greater than that of the medium sized colonies. This effect is caused by mushrooming. When the colonies are relatively large, growth occurs primarily at the tip, and therefore the maximum growth rate scales with the size of the colony. However, in small colonies, growth occurs throughout the colony due to the greater substrate availability. This allows for large growth rates in areas far from the peak and creates the effect in Figure 10 . Once the natural growth rate for each colony size has been found, it is possible to quantify the shadowing that takes place in the combined system. For each colony size and period length, the maximum growth rate can be expressed as a percentage of the natural rate for that colony. Figure 11 shows this ratio for each colony size, plotted against the length of the period. Using this data, it is then possible to create pictures of the "shadow" for a given influence percentage. For example, the portrait of a 50% influence shadow is shown in Figure 12 . In the center of the figure is the large colony, surrounded by colonies placed so that their maximum growth rate is 50% of their natural rate. The tops of the colonies are connected to create a shadow region. Any colony which is contained within this shadow region will grow at a maximum of 50% of its natural rate. Of particular interest is the 97% shadow, shown in Figure 13 , because rather than decaying asymptotically, the region of influence appears to have a sharp cutoff outside of which the presence of the large colony is virtually undetectable.
Conclusion
The eXtended Finite Element Method has already been shown to capture the location of an embedded interface without the need for a conforming mesh. This is Figure 11 . The effect of period length on shadowing. For all colony sizes, the shadowing effect of the large colony decreases for longer periods. Figure 12 . The 50% shadow. Any colony contained within this region around the large central colony will achieve less than 50% of its maximal growth rate. Figure 13 . The 97% shadow. Any colony which falls outside of this region will achieve at least 97% of its maximal growth rate. While this shadow is significantly wider than the 50% shadow, it exhibits a steep drop off at the edges, so the effect of the central colony is largely confined to a finite area.
accomplished by adding "enriched" basis functions containing information about the interface position into the standard finite element approximation. Here we have used information about the asymptotic behavior of the solution near the interface to create customized enrichment functions which not only include the position of the interface but the boundary layer behavior of the solution as well.
The examples presented here have shown that when solutions exhibit extreme behavior in the boundary layer around the interface, the use of customized enrichment functions increases both the accuracy and the convergence rate of the numerical approximation. This is true even if the enrichment contains only the asymptotic approximation of the boundary layer behavior rather than the exact solution. While all of the problems presented here are in two dimensions, the method, including the customized enrichment functions, can be extended to three dimensions.
We then used this technique to simulate the growth of bacterial colonies in a thin film. In solving the linearized biofilm equations we have explored the relationship between the shape of the colony and the profile of its growth. The simulations have shown that the radius of curvature at the peak of the colony is the dominant factor in determining whether tip-splitting will occur as well as demonstrating that large colonies within a biofilm create a large but finite area of influence in which the growth of smaller colonies is inhibited.
